In this paper, we proved the following result: Let G be a (k 
Question 1.2 and Conjecture 1.3 lead us to the following question.
Question 1.4. Is it true that a K k -minor-free k-connected graph for k ≥ 6 has a set X of k − 5 vertices such that G − X is planar?
The case k = 6 is a well-known conjecture due to Jorgensen [7] , and still open. If true, this would imply Hadwiger's Conjecture for the k = 6 case by Mader's result [12] . The case k = 7 was conjectured in [10] as well.
Even though the case k = 6 of Question 1.4 is still open, Robertson, Seymour and Thomas [15] gave a result for searching for a K 6 -minor. [15] ). Let G be a simple 6-connected non-apex graph. If G contains three 4-cliques,
Theorem 1.5 (Robertson, Seymour and Thomas
, then G contains a K 6 as a minor.
In 2005, Kawarabayashi and Toft [10] proved the following theorem. [10] ). Any 7-chromatic graph has K 7 or K 4,4 as a minor.
Theorem 1.6 (Kawarabayashi and Toft
This settles the case (6, 1) of the following conjecture known as the (k − 1, 1)-Minor Conjecture, which is a relaxed version of Hadwiger's Conjecture.
Conjecture 1.7 (Chartrand, Geller, Hedetniemi [3] ; Woodall [21] -minor.
In [10] , the following result is the key lemma, which gives a result for searching for a K 7 -minor.
Theorem 1.8 (Kawarabayashi and Toft [10]). Let G be a 7-connected graph. Suppose G contains three
In 2005, Kawarabayashi, Luo, Niu and Zhang [9] proved the following theorem. Theorem 1.9 (Kawarabayashi, Luo, Niu and Zhang [9] Our work is motivated by Theorem 1.5, and the main result of this paper is the following theorem which generalizes Theorems 1.5, 1.8 and 1.9. A remark about the extreme case in Theorem 1.10: (k − 3)-apex graph: a (k + 2)-connected graph may contain many copies of k-clique, but not necessarily a K k+2 -minor. For example, the graph G = K k−3 +G 1 , where G 1 is a 5-connected planar graph, is obviously K k+2 -minor-free and contains many copies of k-clique, many pairs of which overlap with each other with only (k − 3) vertices (in K k−3 ).
We hope our result could be used to prove some results on 7-and 8-chromatic graphs. In fact, in [8] , Kawarabayashi proved that any 7-chromatic graph has K 7 or K 3,5 as a minor by applying Theorem 1.9. We expect that Theorem 1.10 would be useful in the proofs of some h-chromatic cases of Conjecture 1.1 or Conjecture 1.7 for some larger integers h. Note that Theorem 1.9 would imply the 7-chromatic case of Hadwiger's Conjecture (Conjecture 1.1) if one could find three copies of 5-clique not to overlap too much with each other, since Mader proved that the connectivity of such a counterexample is at least 7 [11] .
The following was conjectured by Seymour and Thomas. Note that the connectivity condition and the condition of the order of graphs are necessary because random graphs having no K k -minor may have average degree k √ log k, but all these graphs are small. So if a graph is large enough and highly connected, we do not know any construction of infinite family of counterexamples. This conjecture is true for p ≤ 9. For p ≤ 7, these conjecture was proved by Mader [11] . For p = 8, Jorgensen [7] proved it. Very recently, Song and Thomas [17] proved the case p = 9. Note that all of these results do not require the connectivity condition in this conjecture.
Terminology and notations
All graphs considered in this paper are finite, undirected, and without loops or multiple edges. The complete graph (or, clique, as a subgraph) on n vertices is denoted by K n and the complete bipartite graph such that one partite set has n vertices and the other partite set has m vertices is denoted by K n,m .
A graph H is a minor of a graph G if H can be obtained from G by deleting edges and vertices and contracting edges.
For a vertex x of a subgraph H 1 of G, the neighborhood of x in H 1 is denoted by N H 1 (x). And, for a vertex v ∈ V (G) and a vertex subset (or a subgraph)
Let us say a graph G is k-apex if G − X is planar for some subset X ⊆ V (G) with |X| ≤ k. By the definition, if k ≤ 0, then a k-apex is planar. (For technical reason, a k-apex with negative k is mentioned sometime in this paper. Note that, there is no subset X with negative order. Hence, a k-apex with k < 0 is actually a planar graph: since G is already planar after the deletion of a subset X that does not exit.) Furthermore, (a) for k ≥ 1, a graph G is non-k-apex if G − X is not planar for every subset X ⊆ V (G) with |X| ≤ k; (b) for k = 0, a graph G is non-k-apex if G itself is not planar; (c) for k < 0, a non-k-apex graph is either planar or non-planar. (Similar as above, for a graph G to be a non-k-apex with k < 0, it is necessary that there is a subset X of order at least 0 such that G − X is planar.)
A cluster in G is a set of mutually adjacent fragments G, and it is a p-cluster if it has cardinality p. Thus G has a K p -minor if and only if it has a p-cluster.
Let v 1 , v 2 , v 3 be mutually adjacent vertices of a graph G. We say G is triangular with respect to v 1 , v 2 , v 3 if G is simple and
has maximum degree at most 2, and either G − v i is a cycle or it has no cycle, or (ii) all vertices of G have degree at most 3, there is at most one vertex v of degree 3 with v = v 1 , v 2 , v 3 , and
has no cycle, or (iii) all vertices of G have degree at most 3, there is a triangle
, and every cycle except for the two triangles {v 1 , v 2 , v 3 } and C contains both a vertex in {v 1 , v 2 , v 3 } and V (C).
Lemmas

Good paths
One of the key lemmas in our proof is Mader's ''H-Wege'' Theorem, which was proved in [13] . Lemma 3.1 (Mader [13] ). Let G be a graph, let S ⊆ V (G) be an independent set, and k ≥ 0 be an integer. Then exactly one of the following two statements holds. 
The 6-cluster lemma
The following lemma deals with an extreme case of our main theorem. Since the proof of the lemma is relatively long and complicated, we present it here as an independent lemma and its proof in Section 5. Readers may postpone the reading of the proof of Lemma 3.5 until after the proof of the main theorem. 
Note that, Robertson, Seymour and Thomas gave a result in page 293 of [15] similar to Lemma 3.5. However, in order to obtain a sharper and more general result in our main theorems (Theorems 1.10 and 4.1), we need a stronger result in Lemma 3.5 (for 6-cluster instead of 6-minor), which is approached differently from that in [15] .
Proof of the main theorem
The main theorem (Theorem 1.10) is to be proved in this section. Here we prove a theorem that is slightly stronger than the main theorem (Theorem 1.10).
and G − T is a planar graph with all edges in L i
around the exterior face. In this case, G contains a (k
is the set of all vertices of G − T around the exterior face except for those in L 1 , and I is the set of all interior vertices of G − T .
Note: readers might be confused by a non-(k − 3)-apex graph if k = 2. Recall that a graph H is a non-t-apex if G − R is planar for some vertex subset R, then R must be of order at least t + 1. Hence, a non-(k − 3)-apex graph for k = 2 can be any graph, planar or non-planar.
Proof. Let G be a counterexample to the theorem with k as small as possible.
We claim that k ≥ 3
For otherwise, we may assume k = 2, G is 4-connected graph, and
Note that G is 4-connected, by Lemma 3.4. There are two cases:
In this case, by the definition of cluster, this 4-cluster in G also traverses
(2) G can be drawn in a plane so that every vertex in L 1 ∪ L 2 is incident with the infinite region. In this case, since G is 4-connected, the edges of L 1 and L 2 must be around the exterior face. If one vertex v 1 of L 3 is not incident with the infinite region, then there are four internal vertex-disjoint paths from
a contradiction. Therefore two vertices of L 3 must be incident with the infinite region. Note that G is 4-connected, G has a
is the set of all vertices of G around the exterior face except for those in L 1 , and I is the set of all interior vertices of G (it is easy to see that I and B both are connected), a contradiction.
We claim that |L
By minimality of k, there are two cases:
and B is the set of all vertices of G − T around the exterior face except for those in L 1 , and I is the set of all interior vertices of G − T .
In order to show that ℘ = {{x},
otherwise, the vertex x can be embedded into the exterior face of G − T and therefore, G − T is planar. This contradicts that G is non-(k − 3)-apex.
We claim that k ≥ 4
For otherwise, by (4.1), we may assume k = 3. That is, G is a 5-connected non-planar graph, and G contains three 3-
A path P of G with ends u, v is said to be good if there exist distinct i, j with
By Lemma 3.2 and (4.6), we have the following structure of G:
, and (c) every good path P in G − W has an edge with both ends in Y i for some i. 
The following claim (e) follows from assumption (4.7)(b).
We claim that X i = ∅ for all i
Suppose that X i = ∅ for some i.
, there is an integer j (j = i) such that X j = ∅ (by (4.8)(e)). Hence n ≥ 2. Since Y i is not empty, W is a cutset that separates Y i and non-empty X j and is of cardinality at most k + 1. This contradicts that G is (k + 2)-connected.
We claim that |X i | is odd for all i
Suppose that |X 1 | is even, then by (4.9),
, contradicting the choice that |W | is as large as possible. .8)(d) ) and |W | ≤ k + 1 (by (4.7)(a)), we have n ≥ 1. By (4.7)(a), (4.8)(a) and (4.8)(b), we have 
We claim that
Note that each Y j − X j is an independent set of G , and by (4.7)(b), we have the following properties. . Both Q and R have no edges with both ends in Y j for any j by definition of A i . Then we have a path S from x to y by using Q , P, R. Since S is a good path by (4.7)(c), S has an edge e = x 1 y 1 ∈ Y j for some j. Note that e ∈ E(Q ) and e ∈ E(R). This implies e ∈ E(P) and x 1 , y 1 ∈ V (P). Note that, by (4.13)(b), both v and u belong to X 1 ∪ · · · ∪ X n . By (4.7)(b), the part of P from v to x 1 must contain a vertex from X j , and likewise the part of P from y 1 to u.
Proof of (e). Suppose This claim is to be proved in two steps in this subsection. First we show that
(b) By (4.13)(a), (4.13)(e) and (4.14)(a), we have the following inequality: 
We claim that, for
Note that G is (k + 2)-connected and by (4.7)(b), W ∪ X j is a vertex-cut separating Y j − X j and V (G) − Y j − W neither of which is empty. It follows that |W ∪ X j | ≥ (k + 2), as required.
By (4.15), it is obvious that X j = Y j if |X j | < 3 since k ≥ 4 (by (4.3) ) and |W | ≤ 3 (by (4.14) ).
Let
Z = (X 1 ∪ · · · ∪ X n ) − (L 1 ∪ L 2 ∪ L 3 )
Some vertex-cuts of G
Suppose that X i ∩ L j = ∅ for some i ∈ {1, 2, . . . , n}, j ∈ {1, 2, 3}. By (4.7)(c), (4.13)(a) and (4.13)(d), any path joining
We claim that |X
This claim is to be proved in several steps in this subsection.
(a) First we show that, for 
Also, by (4.7)(a),
Assume X = X 1 ∪ X 2 ∪ · · · ∪ X m and N = N G (X) − X . Then we can get the following.
by (4.19)(a) and (4.19)(b)) and G is (k+2)-connected.
Hence, we have
By (iii), (1)- (3), we have
Hence,
By (4.8)(a),
That is,
This contradicts k ≥ 4 (4.3) and completes the proof of (4.19). (ii) |Z| ≤ 3 + |M| − 2|W |, and the equality holds if and only if |X j | = 3 for every j ∈ {1, 2, . .
We prove some inequalities for |Z|
Let s = |Z|. Then, by (4.17),
|X j | for 1 ≤ j ≤ n, and therefore
with equality if and only if |X j | = 3 for any j ∈ {1, 2, . . . , n}. By (4.7)(a), we have 
|M| − |W |, and the equality holds if and only if
W ⊆ L 1 ∪ L 2 ∪ L 3 . Hence, by (4.20)(i), s ≤ 3k + 3 − 3|W | − |L 1 ∪ L 2 ∪ L 3 − W | ≤ 3k + 3 − 3|W | − (3k − |M| − |W |) = 3 + |M| − 2|W |,
(i)
|X j | for 1 ≤ j ≤ n and 1 ≤ i ≤ 3 by (4.13)(a) and (4.21)(i).
We eliminate the case of k = 4 and |W | = 3
In this case, by (4.11)(a), n ≥ k − 2 = 2.
Moreover, by (4.7)(a), we have
We have n = 2 and |X 1 | = |X 2 | = 3 (by (4.19) ). Hence, Z = ∅ by (4.11)(b).
Next we claim that |L i ∩ X j | = 0 for i ∈ {1, 2, 3} and j ∈ {1, 2}. For otherwise, we may assume that
Therefore, by (4.21)(ii), we have |L i ∩ X j | = 1 for i ∈ {1, 2, 3} and j ∈ {1, 2}. And by (4.11) (b), we have W = M and
Next, we will apply Lemma 3.5 to find a 6-cluster in G traversing
Hence, we get the description of graph G as in Lemma 3.5: Therefore by Lemma 3.5, G has a 6-cluster traversing
This is a contradiction.
We claim that, for
By (4.14), |W | ≤ 3. By (4.15), it is obvious that X j = Y j if k ≥ 5 or |W | < 3. Hence, the only remaining case is k = 4 and |W | = 3, which was eliminated in (4.22).
4.24
(i) We claim that if v ∈ A i ∩ X j for some i ∈ {1, 2, 3} and some j ∈ {1, 2, . . . , n}, then
and the equality holds if and only if
By the definition of A i (4.12), we have
Since G is (k + 2)-connected and |A i | ≤ k + 1 − |W | (by (4.13)(e)), we have:
(ii) We claim that if v ∈ A i ∩ X j and |X j | = 3 for some i ∈ {1, 2, 3} and some j ∈ {1, 2, . . .
Note that |X j | = 3. By (4.23), we have Y j = X j , and therefore,
On the other hand, by (4.24)(i), we have
By (4.24)(i) again, we are done.
We claim that if
(ii) X j induces a clique of G.
Proof of (i): For otherwise, we may assume that .3) ).
Proof of (ii) and (iii).
(ii) and (iii) are immediate corollaries of (4.25)(i) and (4.24)(ii). 
. This is a contradiction.
4.27.
We claim that |X j | ≥ 5 for every j ∈ {1, 2, . . . , n} For otherwise, by (4.19), we may assume |X 1 | = 3. By (4.25)(i), |A i ∩ X 1 | = 1 for each i ∈ {1, 2, 3}. Hence, by (4.24)(ii),
Furthermore, by (4.13)(b), (4.13)(c), we have
However, by (4.20)(i), we have
The equality of (4.20)(i) implies that |X i | = 3 for all i ∈ {1, 2, . . . , n}. This contradicts (4.26).
We show some inequalities for n
By (4.27) and (4.7)(a),
The inequality (4) can be simplified as 
We claim that n
For otherwise, since n ≥ k − 2 by (4.11)(a), we may assume that n ≥ k − 1.
Note that k ≥ 4 by (4.3). This is a contradiction.
The final step of the proof
By (4.29), n = k − 2. By (4.11)(b), we have
Hence, Z = ∅. By (5) of (4.28), we have
That is, k ≤ 5 − |W |. (8) Note that k ≥ 4 by (4.3). Therefore, there are only two cases: k = 5 and k = 4 (by (7) and (8)). Case 1: k = 5. In this case, |W | = 0. By (4.29), n = k − 2 = 3. The equality of (5) of (4.28) implies that
By (4.21)(ii), without loss of generality, we assume |L 1 ∩ X 1 | = 2. By (4.18), (X 1 ∆L 1 ) is a vertex-cut of order at most 6 since Z = ∅ and W = ∅. This contradicts that G is (k + 2)-connected where k = 5. Case 2: k = 4. In this case, n = k − 2 = 2 (by (4.29) ). There are two subcases: |W | = 1 and |W | = 0 (by (8) 
Therefore, the only possibility in this subcase is that |X 1 | = 5 and |X 2 | = 7 (by (4.10) and (4.27)).
Without loss of generality, we assume |L 1 ∩ X 1 | = 2. By (4.18), (X 1 ∆L 1 ) is a vertex-cut of order at most 5 since Z = ∅ and W = ∅. This contradicts that G is (k + 2)-connected where k = 4.
This completes the proof of main theorem.
Proof of Lemma 3.5
The following two lemmas will be useful in the proof of Lemma 3.5.
Lemma 5.1 (Whitney [4]). Any two planar embeddings of a 3-connected graph are equivalent.
Let G = (V , E) is a graph and A ⊆ V (G), we denote the set of vertices on V (G) − A which are adjacent to some vertex in
Lemma 5.2 (Seymour [16] , Thomassen [18] (ii) for some k ≥ 0 there are pairwise disjoint sets A 1 , . . . , Let f 1 , f 2 , f 3 be the edges with ends z 2 z 3 , z 3 z 1 , and z 1 z 2 respectively.
We claim that
Note that a planar graph with n ≥ 3 vertices has at most 3n − 6 edges. Hence G − {f 1 , f 2 , f 3 } is not planar.
5.2
The strategy of the proof is to prove that G = G − {f 1 , f 2 , f 3 } is planar (hence contradicts 5.1). The planarity of G is yielded by showing that each
has a planar embedding with vertices z 1 , x 2 , z 3 , x 1 , z 2 , x 3 for i = 1 (or z 1 , y 2 , z 3 , y 1 , z 2 , y 3 for i = 2, respectively) around its exterior face (Lemma 5.2 is applied here). And the planar embedding of G i is constructed from the unique embedding of the 3-connected graph
, and E 2 = {y 1 y 2 , y 1 y 3 , y 2 y 3 }, and planar embeddings of other subgraphs of G i ∪ E i .
We claim that |Y
For otherwise, we may assume
With the similar argument, we have W ∪ {y 3 ,
We claim that the subgraph induced by Y i is connected for
For otherwise, we assume that the subgraph induced by Y 1 is not connected. Let D be a component not containing x 1 , then {x 2 , x 3 , z 1 , z 2 , z 3 } is a 5-cutset separating D and Y 2 , it contradicts that G is 6-connected.
We claim that there is no 4-cluster in G ij traversing ij where
For otherwise, we may assume that there is a 4-cluster ℘ 1 in G 11 traversing 11 . Let ℘ = ℘ 1 ∪ {{z 2 , z 3 }, {Y 2 }}, then ℘ is a 6-cluster in G traversing {x 1 , y 1 , z 1 , x 2 , y 2 , z 2 , x 3 , y 3 , z 3 }, a 
5.8
(i) We claim that G 11 can be drawn in a plane so that every vertex in 11 is incident with the infinite region and z 1 , x 2 , x 1 , x 3 are around its exterior face in this order, and this embedding is denoted by π 11 .
By Lemma 5.2 and (5.7), there exists some k ≥ 0 and there are pairwise disjoint sets We claim that k = 0. For otherwise, Υ (A k ) ∪ {z 2 , z 3 } is a cut set of order at most 5 separating A k and Y 2 , it contradicts that G is 6-connected.
Hence we have G 11 = G 11 − {e 1 , e 2 }, and result follows.
With the similar argument, we have
(ii) G 21 can be drawn in a plane so that z 2 , x 1 , x 2 , x 3 are around its exterior face in this order, and this embedding is denoted by π 21 .
(iii) G 31 can be drawn in a plane so that z 3 , x 1 , x 3 , x 2 are around its exterior face in this order, and this embedding is denoted by π 31 . In next few subsections, we are to show that G + 1 has a planar embedding such that the triangle x 1 x 2 x 3 x 1 is a facial circuit.
Let
5.10
(i) Let H h1 be the graph obtained from G + 1 by deleting z i and z j where {h, i, j} = {1, 2, 3}. Obviously H h1 is also the graph obtained from G h1 by adding edges x 1 x 2 , x 1 x 3 , x 2 x 3 . By (5.8), G h1 has an embedding π h1 with {x i , x h , x j , z h } in its exterior face. Hence π h1 can also be considered as an embedding of H h1 with the triangle x 1 x 2 x 3 as the exterior face. We denote this embedded graph by π h1 (H h1 ).
(ii) Let H 1 be the graphs obtained from the subgraph induced by Y 1 by adding edges x 1 x 2 , x 1 x 3 , x 2 x 3 . Obviously, H 1 can also be obtained from H h1 by deleting z h for h ∈ {1, 2, 3}. Hence π h1 can also be considered as an embedding of H 1 , and we denote this embedded graph by π h1 (H 1 ).
We claim that H 1 is a 3-connected planar graph
Planarity is an immediate conclusion from (5.10)(ii). Next we will show that H 1 is 3-connected.
For otherwise, we assume that H 1 is not 3-connected. Let A be a cut set of order less than 3. Since {x 1 
